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ABSTRACT 
In this paper we present the Bianchi type-III cosmological models with binary mixture of perfect fluid and dark energy. 
The perfect fluid is obeying the equation of state γρ=p  with ]1,0[∈γ  whereas, the dark energy density is considered 
to be either the quintessence or the Chaplygin gas. The exact solutions of the Einstein’s field equations are obtained in 
quadrature form. 
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1. INTRODUCTION   
 
The nature of the dark energy component of the universe [1-3] remain one of the deepest mysteries of cosmology. 
There is certainly no lack of candidates: cosmological constant, quintessence [4 - 6], Phantom energy [7]. In Einstein’s 
general relativity, in order to have such acceleration, one needs to introduce a component to the matter distribution of 
the universe with a large negative pressure. This component is usually referred as dark energy [DE]. Astronomical 
observations indicate that our universe is flat and currently consists of approximately 2/3 dark energy and 1/3 dark 
matter. The nature of dark energy as well as dark matter is unknown and many radically different models have been 
proposed, such as, a tiny positive cosmological constant, quintessence [8 -11], the non-linear F(R) models[12], and dark 
energy in brane worlds, among many others [13 - 27]. As mentioned before, the existence of the dark energy fluids 
comes from the observations of the accelerated expansion of the universe and the isotropic pressure cosmological 
models give the best fitting of the observations. Although [28] have suggested cosmological model with anisotropic and 
viscous dark energy in order to explain on anomalous cosmological observation in the cosmic microwave background 
(CMB) at the largest angles. An alternative model for the dark energy density was used by [29], where the authors 
suggested the use of some perfect fluid but obeying “exotic” equation of state. This type of matter is known as 
Chaplygin gas. 
 
Bianchi type models are among the simplest models with anisotropic background which have been studied by several 
authors in an attempt to achieve better understanding of the observed small amount of anisotropy in the universe. The 
same models have also been used to examine the role of certain anisotropic sources during the formation of the large-
scale structure, we see in the universe today. Some Bianchi cosmologies, for example, are natural hosts of large-scale 
magnetic fields and therefore their study can shed light on the implications of cosmic magnetism for galaxy formation. 
The simplest Bianchi family that contains the flat FRW universe as a special case are the type-III space-times. The 
Bianchi-type-III universe is generalization of the open universe in FRW cosmology. Hence, its study is important as 
dark energy models with non-zero curvature [30].    
 
Recently, Bijan Saha [31], Singh and Chaubey [32] and Katore et al [33] have studied the binary mixture of perfect 
fluid and dark energy for Bianchi type-I, V, III space-time respectively.   
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In this paper, we study the evolution of an initially anisotropic universe given by a Bianchi type-III space time and a 
binary mixture of a perfect fluid obeying the equation of state γρ=p  and a dark energy given by either a quintessence 
or a Chaplygin gas.  

 
2.  METRIC AND FIELD EQUATIONS  
 
We consider the Bianchi type – III metric in form 

222222222 )()()( dztCdyetBdxtAdtds ax −−−= − ,                                                                                    (2.1) 
 
where A(t), B(t), C(t) are the functions of t only and a is a constant. 
 
The energy momentum tensor of the source is given by  
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i puupT δρ −+= )( ,                                                                                                                                     (2.2) 

 
where iu  is the flow vector satisfying  
 

1=ji
ij uug   .                                                                                                                           (2.3) 

 
Here ρ is the total energy density of a perfect fluid and /or dark energy, while p is the corresponding pressure. p and ρ 
are related by an equation of state γρ=p . 
 
By using co-moving co-ordinate system, from (2.2), we obtain  
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The Einstein field equations for metric (2.1) equations (2.2), (2.3) and (2.4) reduces to  
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Here k is the Einstein gravitational constant and over dot (.) denotes the differentiation with respect to t.  From (2.5e), 
we have, 
 

mBA =                                                                                                                                                              (2.6) 
 
Let V be the function of time t defined by 
 
 V = ABC                                                                                                                                                            (2.7) 
 
Subtracting (2.5c) from (2.5b), we get 
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Now from (2.7) and (2.8), we get, 
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which on integration give , 
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Subtracting (2.5d) from (2.5c), we get, 
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Integrating, we get, 
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Subtracting (2.5b) from (2.5d), we obtain, 
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where 21321 ,,,, xxddd  and 3x  are constants of integration. 
 
In view of ABCV = , we find the following relation between the constants 321321 ,,,,, xxxddd  as 
 

3 1 2 3 1 2,d d d x x x= = +  
 
Using above results we write the scale factors A(t), B(t) and C(t) in explicit form as,
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where ( )3,2,1=iDi  and ( )3,2,1=iX i  satisfy the relations 1321 =DDD  and  
 

0321 =++ XXX .  
 
Using (2.6) and (2.7), equations (2.12), (2.13) and (2.14) can be written as   
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Now, adding (2.5b), (2.5c), (2.5d) and 3 times equation (2.5a), we get 
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From (2.8) and (2.7), we obtain 

( )pk

V

a
V
V

−=− ρ
2

32

3
2

2


 . (2.17) 

 
The conservational law for energy-momentum tensor gives 
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From (2.18) and (2.7), we get 
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From (2.17) and (2.19), we have 
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where 1c  is the integration constant. 
 
Rewriting (2.19), in the form 
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V

p





−=
+ρ
ρ  .                                                                                                                                 (2.21) 

 
We know that the pressure and the energy density obeys an equation of state of type ( )ρfp = .  
 
We conclude that ρ  and p are function of V. Hence, the right hand side of (2.17) is a function of V. 
 
Now (2.17), can be rewritten as 
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2 VFVaVpkV ≡+−= ρ  .                                                                                                               (2.22) 

 
From the mechanical point of view equation (2.22) can be interpreted as equation of motion of a single particle with 
unit mass under the force F(V). Then  
 

( ))(2 VUV −∈±= .                                                                                                                                    (2.23) 
 
Here ∈ can be viewed as energy and U(V) is the potential energy of the force F. 
 
Comparing (2.20) and (2.23), we find 
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Finally, we write the solution to (2.20) in quadrature form 
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where the integration constant 0t  can be taken to be zero, since it only gives a shift in time. 
 
3. UNIVERSE AS A BINARY MIXTURE OF PERFECT FLUID AND DARK ENERGY 
 
In this section we thoroughly study the evolution of the Binachi type-III universe filled with perfect fluid and dark 
energy in details 
 

DEpF ρρρ += ,  DEpF pPp +=  .                                                                                                                 (3.1) 
 
The energy momentum tensor can be decomposed as 
 

( ) ( ) j
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i pFDEpFDEpFDE ppuuppT δρρ +−+++= .                                                                                    (3.2) 

 
In the above equation DEρ is the dark energy density, DEp  is the dark energy pressure. pFρ  and pFp denotes the 
energy density and pressure of the perfect fluid, respectively. 
 
The perfect fluid obeys the equation of state  
 

pFpFP γρ= ,                                                                                                                                                            (3.3) 
 
where γ is the constant and lies in the interval γ∈[0,1]. 
 
Depending on numerical value of γ, it describes the following types of universes  
 

0=γ         (dust universe),                                                                                                                              (3.4a) 

3
1

=γ         (radiation universe),                                                                                                                                  (3.4b) 







∈ 1,

3
1γ  (hard universe),                                                                                                                              (3.4c) 

1=γ         (Zeldovich universe or stiff matter) .                                                                                                 (3.4d) 
 
In a co-moving frame the conservation law of energy momentum tensor leads to the balance equation for the energy 
density, 
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 .                                                                                                   (3.5) 

 
The dark energy supposed to interact with itself only and it is minimally coupled to the gravitational filed. As a result 
the evolution equation for the energy density decouples from that of the perfect fluid and from (3.5) we obtain two 
balance equations,
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From (3.3) and (3.6b), we get 
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where  0ρ    is constant of integration. 
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In the absence of dark energy, 
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In the limit of high matter densities (γ=1) the equation for V(t) is given by 
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3.1 Case with a Quintessence 
 
Let us consider the case when the dark energy is given by quintessence which obeys the equation of state 
 

,qqqp ρω=                                                                                                                                                           (3.10) 
 
where constant qω  varies between -1 and zero, i.e. ]0,1[−∈qω  
 
The case 1−=qω  is nothing but the case of cosmological constant (Λ). 
 
From (3.10) and (3.6a), we get
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where q0ρ  is an integration constant. 
 
Now, the evolution equation (2.17) for V can be written as
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Equation (3.12) can be written in quadrature form as 
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where 0t  is a constant of integration that can be taken to be zero. In the limit of high matter densities (γ=1) the general 
solution of the gravitational equations for a  Bianchi type-III geometry cannot be expressed in an exact analytic form. 
 
3.2 Case with Chaplygin gas 
 
Let us now consider the case when the dark energy is represented by Chaplygin gas governed by equation of state
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with A being a positive constant 
 
Now, from (3.6a) and (3.14), we obtain
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with  c0ρ  being an integration constant. 
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Now, the evolution equation (2.17) for V can be written as 
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The corresponding solution in quadrature now has the form   
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where the second integration constant has been taken to be zero. 
 
4.1 A particular cases 
 
Let us consider  𝛾𝛾 = 1

3�  (Radiation) 
 
For 𝑐𝑐1 = 0, (3.8) reduces to 
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From (2.15) and (4.2) we get 
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where X and D are constants 
 
From (3.7) and (4.2) we get 
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The Physical quantities of observational interest in cosmology are the expansion Scalar𝜃𝜃, the mean anisotropy 
parameter A, the shear scalar σ2and the parameter q.  They are defined as 
 
𝜃𝜃 = 3𝐻𝐻,                                                                                                                                                                           (4.5) 
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With the use of (4.5) – (4.8) we can express the Physical quantities as 
𝜃𝜃 = 3𝑎𝑎4𝑡𝑡

𝑎𝑎4𝑡𝑡2−3𝑘𝑘
                                                                                                                                                            (4.9) 
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𝑎𝑎4�
1
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where X is constant. For large t, the model tends to be isotropic. 
 
5. MODELS WITH CONSTANT DECELERATION PARAMETER 
 
Case 1: Power- Law 
 
Here we take 
 
𝑣𝑣 = 𝑎𝑎𝑡𝑡𝑏𝑏 ,                                                                                                                                                            (5.1) 
 
where a and b are constants 
 
From (2.15) and (5.1) we get 
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where X and D are constants. 
 
From (3.7) and (5.1), we have 
 
𝜌𝜌 = 𝜌𝜌𝜌𝜌𝑎𝑎−(1+𝛾𝛾)𝑡𝑡−(1+𝛾𝛾)𝑏𝑏 ,                                                                                                                                  (5.3a) 
and 
𝜌𝜌 = 𝛾𝛾𝜌𝜌𝜌𝜌𝑎𝑎−(1+𝛾𝛾)𝑡𝑡−(1+𝛾𝛾)𝑏𝑏   .                                                                                                                                (5.3b) 
 
With the use of (4.5) – (4.8) we can express the physical quantities as 
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where X is constant. For large t, the model tends to be isotropic 
 
Case II: Exponential – Type 
 
Here we take 
 
𝑣𝑣 = 𝛼𝛼𝑒𝑒𝛽𝛽𝑡𝑡 ,                                                                                                                                                            (5.8) 
 
where  𝛼𝛼 and 𝛽𝛽 constants  
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From (2.15) and (5.8), we get 
 
𝐴𝐴(𝑡𝑡) = 𝛼𝛼1

3� 𝑒𝑒𝑒𝑒𝑒𝑒 �𝛽𝛽𝑡𝑡
3
�                                                                                                                                            (5.9a) 

 
𝐵𝐵(𝑡𝑡) = 𝐷𝐷𝛼𝛼1

3� 𝑒𝑒𝑒𝑒𝑒𝑒 �𝛽𝛽𝑡𝑡
3
− 𝑋𝑋

𝛼𝛼𝛽𝛽
𝑒𝑒−𝛽𝛽𝑡𝑡 �                                                                                                                             (5.9b) 

 
𝐶𝐶(𝑡𝑡) = 𝐷𝐷−1𝛼𝛼1

3� 𝑒𝑒𝑒𝑒𝑒𝑒 �𝛽𝛽𝑡𝑡
3

+ 𝑋𝑋
𝛼𝛼𝛽𝛽
𝑒𝑒−𝛽𝛽𝑡𝑡 �                                                                                                               (5.9c) 

 
where x and D are constants  
 
From (3.7) and (5.8), we get 
 
𝜌𝜌 = 𝜌𝜌𝜌𝜌𝛼𝛼−(1+𝛾𝛾)𝑒𝑒−(1+𝛾𝛾)𝛽𝛽𝑡𝑡 ,                                                                                                                                (5.10a) 
 
and 
 
𝑃𝑃 = 𝛾𝛾𝜌𝜌𝜌𝜌𝛼𝛼−(1+𝛾𝛾)𝑒𝑒−(1+𝛾𝛾)𝛽𝛽𝑡𝑡  .                                                                                                                              (5.10b) 
 
With the use of (4.5) – (4.8), the physical quantities can be express as 
 
𝜃𝜃 = 𝛽𝛽,                                                                                                                                                                         (5.11) 
 
𝐴𝐴 = 6𝑋𝑋2

𝛼𝛼2𝛽𝛽2 𝑒𝑒−2𝛽𝛽𝑡𝑡 ,                                                                                                                                                           (5.12) 
 
𝜎𝜎2 = 𝑋𝑋2

𝑎𝑎2 𝑒𝑒−2𝛽𝛽𝑡𝑡                                                                                                                                                            (5.13) 
 
𝑞𝑞 = −1,                                                                                                                                                                         (5.14) 
 
where X is constant. For large t, the model tends to be isotropic 
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6. CONCLUSION  

  
In this paper we have studied the space-time geometry corresponding to Bianchi type-III filled with perfect fluid and 
dark energy in four dimensions. The exact solutions to the corresponding field equations are obtained in quadrature 
form. The inclusion of the dark energy into the system gives rise to an accelerated expansion of the model with initial 
singularities. Bianchi type-V cosmological model with perfect fluid and dark energy universe in has been investigated 
by Singh and Chaubey whose work has been extended and studied in Bianchi type-III in four dimensions. An attempt 
has been made to retain Singh and Chaubey forms of the various quantities. We have noted that all the results of Singh 
and Chaubey can be obtained from our results by assigning appropriate values to the function concerned.  
 
REFERENCES  
 
[1] Riess, A.G. et.al. : Astron.J.116, 1009 (1998). 
[2] Perlmutter, S., et al. : Astrophys. J. 517, 565 (1999). 
[3] Sahni V.: Dark matter and dark-energy Lect. Notes Phys. 653, 141-180 (2004). 
[4] Barreio, T., Copeland, E.J., Nunes, N.J. : Phys. Rev. D 61, 127301 (2000). 
[5] Armendariz-Picon, C., Damour, T., Mukhanov, V.: Phys. Lett. B 458, 209 (1999). 
[6] Gonzalez-Diaz, P.E. : Phys. Rev. B586, 1(2004). 
[7] Elizalde, E., Nojiri, S., Odintsov, S.D.: Phy. Rev. D70, 043539 (2004). 
[8] Liddle, A.R., Scherrer, R.J. : Phys. Rev. D59, 023509 (1999). 
[9] Steinhardt. P.J., Wang, L.M., Zlatev, I.: Phys.Rev. D59, 123504 (1999). 
[10] Dvali, G.R., Gabadadze, G., Porrati, M.: Phys.Lett. B 484, 112 (2000). 
[11] Deffayet, C.:Phys.Lett. B 502, 199 (2001). 
[12] Nojiri, S., Odintsov, S.D.: Phys.Rev.D68, 123512 (2003). 
[13] Townsend, P.K., Wohlfarth, N.R.: Phys.Rev. Lett.91, 061302 (2003). 



V. G. Mete*, Ku. V. M. Umarkar1, V. B. Raut2 and A. M. Pund3/ Anisotropic Cosmological Models With Perfect Fluid And Dark 
Energy/ IJMA- 4(8), August-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                       101   

 
[14] Gibbons, G.W.: Supersymmetry, Supergravity and Related Topics – (2001), doi: 10.1016/S0550/-3213 (97) 
       00795-5. 
[15] Ohta, N.: Phys. Rev. Lett. 91, 061303 (2003a). 
[16] Ohta, N.: Prog. Theor. Phys. 110, 269 (2003b). 
[17] Ohta, N.: Int.J. Mod. Phys. A20, 1 (2005). 
[18] Wohlfarth, N.R. : Phys. Lett. B 563,1 (2003). 
[19] Chen, C.M., et.al. : J.High Energy Phys. 10, 058 (2003). 
[20] Bergshoeff, E.: Class. Quantum Gravity 21, 1947 (2004). 
[21] Gong, Y., Wang, A. : Class. Quantum Gravity 23, 3419 (2006). 
[22] Neupane, I.P., Wiltshire, D.L. : Phys. Rev. B619, 201(2005a). 
[23] Neupane, I.P., Wiltshire, D.L. Phys.Rev. D72, 083509 (2005b). 
[24] Maeda, K., Ohta, N. : Phys. Rev. D71, 063520(2005). 
[25] Neupane, I.P.: Phys.Rev.Lett. 98, 061303 (2007). 
[26] Pereira, P.R.C.T., de Silva, M.f.A., Chan, R.: Int. K.Mod. Phys. D15, 991 (2006). 
[27] Brandt, C., Chan, R., de Silva, M., Villas, J.F.: Gen.Relativ.Gravit. 39, 1675 (2007). 
[28] Koivisto, T., Mota, D.F.: J.Cosmol. Astropart. Phys. 06, 018 (2008). 
[29] Kamenshchik, A.Yu., Maschella, U., Pasquier, V.; Phys.Lett.B.511,256(2001). 
[30] Ellis, G.F.R.: Gen.Relativ. Gravit. 38(6), 1003-1015 (2006). 
[31] Bijan, S : Chin.J.Phys. 43, 1035-1043 (2005). 
[32] Singh, T. Chaubey, R.: Astrophys. Space. Sci. 319 (2-4), 149 (2009). 
[33] Katore,S.D., Kapse, D.V., Tayade, G.B., ; Bulg.J.Phys.38,390-399 (2011). 
 

Source of support: U.G.C., New Delhi, India, Conflict of interest: None Declared

 
 
 
 


